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Abstract. We describe the Bergman kernel of any bounded homogeneous domain in 
a minimal realization relating to the Bergman kernels of the Siegel disks. Taking ad- 
vantage of this expression, we obtain substantial estimates of the Bergman kernel of the 
. homogeneous domain. 

1. Introduction 

In this paper, we discuss the Bergman kernel Ky of a bounded homogeneous domain 
U, which we may assume to be minimal. One of our main results in the present work is 
the following estimate of Ku, which will play a key role to characterize the boundedness 
of the Toeplitz operators in [15] (see also [T6]). 

Theorem A. Take any p > 0. Then, there exists C p > such that 



K u (z,a) 



K u (a,a) 



<C P 



(N ■ cr 1 < 

>■ g p ^ 

O . 

C ■ for all z,a G U with /3u(z, a) < p, where flu means the Bergman distance on U. 

m ■ 

■^j- ■ In the case that U is the Harish- Chandra realization of a bounded symmetric domain, 

Theorem |X] is easily verified from properties of the Bergman kernel (see Section 6). How- 
ever, for a general bounded homogeneous domain, the estimate does not seem to be 
trivial. 

Our idea for the proof of Theorem |X] is to introduce certain equivariant holomorphic 
maps 6 n , : U — > U ri] for j = 1, ...,r(:= rankW) from U into the Siegel disk U nj of rank 
rij. Inspired by Xu pH], we obtain the following formula for the description of Ku- 

Theorem B (Theorem 15. 3p . There exist integers Si,...,s r such that 

r 

K u {z,w) = Vol(W)- 1 J] {det (/„. - 6 nj (z)e^wj) 

j'=i 

for z,w 6W. 

Recall that the Bergman kernel Ku m of the Siegel disk U m is given by 
K U JZ, W) = Vol {U m y l det (I m - ZW)~ (m+l) . 

Thus we obtain 

r s • 
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which implies that the estimate in Theorem |X] for U is reduced to the ones for the sym- 
metric domains U nj . 

Let us explain the organization of this paper. In section 2, we review properties of the 
minimal domains, the Siegel upper half plane and homogeneous Siegel domains. In par- 
ticular, we present in section 2.3 the matrix realization of any homogeneous Siegel domain 
introduced by the first author [7J. Based on this realization, we observe a relation between 
the Bergman distances on a homogeneous Siegel domain and the Siegel upper half planes 
(section 3), and introduce minor functions on a homogeneous cone in matrix realization, 
which coincide with the generalized power functions in Gindikin [5] (section 4). In section 
5, we describe the Bergman kernel of minimal bounded homogeneous domains. Since the 
Bergman kernel of a minimal bounded homogeneous domain is expressed as a ratio of the 
Bergman kernels of the corresponding Siegel domain (Lemma 15.21) . we obtain Theorem 
IBl In section 6, we prove Theorem |XJ which yields another important estimate of Ky 
(Proposition 16. ip . 

Notation. For anJVxiV matrix A = (ay) G Mat(iV, C) and k = 1, . . . , N, we write 
j\[ k \ f or the k x k matrix (ay)i<tj<A- For real or complex domain D, we denote by Cl(-D) 
the closure of D. The complexification of a real vector space V will be denoted by Vq. 



2. Preliminaries 

2.1. Minimal domain. First of all, we recall the definition and properties of minimal 
domains (see [8], [H]). Let D be a complex domain in C n with finite volume and t G D. 
We say that D is a minimal domain with a center t if the following condition is satisfied: 
for every biholomorphism if) : D — > D' with det J (if), t) = 1, we have 

Vol (£>') > Vol CD). 

We have the following convenient criterion for a domain to be minimal (see [H Proposition 
3.6], [11, Theorem 3.1]). 

Proposition 2.1. Let D C C n be a bounded univalent domain and t G D. Then, D is a 
minimal domain with a center t if and only if 

for any z G D. 

For example, a circular domain is minimal with a center 0, so that the Harish- Chandra 
realization for a bounded symmetric domain is also minimal, while there are many other 
minimal realizations for the symmetric domain. Recently in [8], a representative domain 
turns out to be a nice bounded realization of a bounded homogeneous domain, which is 
a generalization of the Harish- Chandra realization. The representative bounded homo- 
geneous domain is always a minimal domain with a center (see [H Proposition 3.8]), 
though it is not circular unless it is symmetric. Therefore, in conclusion, every bounded 
homogeneous domain is biholomorphic to a minimal bounded homogeneous domain. 

2.2. Siegel upper half plane. Here we present basic facts used in this paper about the 
Siegel upper half plane V n . It is well known that the real symplectic group Sp(2n, R) acts 
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on V n transitively as linear fractional transforms: 



a- Z =(PZ + Q)(RZ + SY 1 ( a= \R s) ^ Sp(2n,R), Z E V^j . 
Let H n be the group of n x n lower triangular matrices with positive diagonals. We define 



T 

t T~ 1 



/ X 
/ 



X E Sym(n, R),T G H n } . 



Then B n is a maximal connected split solvable Lie subgroup of Sp(2n,M.). The action of 
B n on T> n is described as 

(5-Z = TZ t T + X (/3=(o tr- 1 ) (o j) GjB "' ZgD «)' 



so that the group _B n acts on P n simply transitively. 

Let C n be the Cayley transform from V n onto the Siegel disk U n defined by 

C n (Z) := (Z-tQiZ + tQ- 1 

for Z E T> n . It is easy to see that 



I n -C n (Z) C n (Z>) 



Z + iI n 

2i 



-i 



Z-Z> 
2i 



Z' + il ri 
2i 



-i 



(2.2) 



(2.3) 



2.3. Homogeneous Siegel domain. Let Q be a regular open convex cone in a real 
vector space V, W a complex vector space, and F : W x — )■ Vc a Hermitian map such 
that F(m, u) G Cl(O) \ {0} for u E W \ {0}. Then the Siegel domain D(Q, F) C V c x W 
is defined by 

D(Q,F) :={(z,u) E V c x | Im z - F(u, u) Ett}. 

For the degenerate case F = with = {0}, the Siegel domain becomes a tube domain 
D(Q) = V + iQ C Vc- It is known that every bounded homogeneous domain is biholo- 
morphic to some homogeneous Siegel domain ([13]). On the other hand, it is shown in 
|7J that every homogeneous Siegel domain is realized as a set of complex matrices with 
specific block decompositions in the following way. 

Let Ui,...,u r be positive numbers, and {Vik}i<k<i<r a system of real vector spaces 
V ik C Mat(i/j,i/ fe ;R) satisfying 



(VI) 
(V2) 
(V3) 

We set v := V\ + • 
of the form 



A E V tk , B EVki =>» AB EVu for 1 < i < k < I < r, 
A E Vu, B eVh =>• A*B EVik for 1 < % < k < I < r, 
A E Vik =^ A 1 Ae M Vl for 1 < k < I < r. 



+ v r . Let V C Sym(z/, R) be the space of real symmetric matrices X 



(X\\ t X21 
A 21 X22 



X r i ^ 

r2 



\A" rl X r 



Vfcfc = Xfcfc/^, a;fcfc e R (A; = 1, . . . , r) 



Vz fc E V 



ik 



'1< jfe < / < r) 



r2 



X rr ) 



4 



H. ISHI AND S. YAMAJI 



We define Q v := { X G V | X is positive definite}. Then f2 v is a regular open convex cone 
in the vector space V. Let u be a positive integer, and {V\4}i<fc< r a system of complex 
vector spaces W k C Mat (z/^, z/ ; C) satisfying 



(Wl) 
(W2) 

(W3) „^„ H ^„ „ , „ 
Let W be the space of complex matrices U of the form 



A e Vi k , C e W k AC e Wi for 1 < k < I < r, 
C e W u C e W k C'C 7 e (V lk ) c forl<i<Kr, 
C eW k ^C'C + C'C G RI VI for 1 < k < r. 



U 



u 2 



G Mat(z/,i/ ;C) (u k G W k , k = 1, . . . , r) . 



For U, U' G W, we define F V>W (U, U') := ([/*[/' + [/'*C/)/4. We see from (Wl) - (W3) that 
Fv,w is a Vc-valued Hermitian form. Furthermore, it is easy to see that Fv t w(U,U) G 
Cl(fi v ) \ {0} for U G W \ {0}. Then the Siegel domain D(n v ,F VtW ) is defined by 



{(Z, U) G V c x W | ImZ - F V) w(tf, ^) e }, 



which we shall see to be homogeneous. First, let H be the set of v x f lower triangular 
matrices T of the form 



^21 T22 



\T r i T, 



r2 



\ 



T I 

± rr / 



Hfefc — tkklu k , tkk > (/C — 1, . . 

T ifc G Vz& (1 < fc < Z < r) 



Then is a subgroup of the solvable group H v thanks to (VI). Moreover, H acts on the 
cone Q v simply transitively by Q v 3 X H> TX'T G fiy (T E H). For X G V, £7 G W and 
T e H, we define an affine transform 6(X, [/, T) on V c x W by 

b(X,U,T)-C := {TZ' t T + X + 2iF VtW (TU',U)+iF v ^{U,U),TU' + U) 

((' = (Z',U') G V c x W). 

Then, each b(X,U,T) preserves the domain £)(f2y, -Fv,w)- Let i? be the set {b(X,U,T) \ 
X G V, U G W, T G i?}, which forms a split solvable Lie group acting on D{VL V , F V yy) 
simply transitively. In particular, the Siegel domain D(Q V , F VtW ) is homogeneous. Since 
every homogeneous Siegel domain can be obtained this way, we shall consider only the 
Siegel domains of this form. In particular, for the treatment of a Siegel domain of tube 
type, we set W k = {0} C Mat(i^, u ; C) (k — 1, . . . , r). Thus we write F and D for Fv,w 
and D(Qv, Fv,w) respectively in what follows for simplicity. 

The Siegel domain D is embedded into the Siegel disk V N (N :— u + v x + h v r — 

u Q + v) equivariantly with respect to the action of B. Namely, if we define an injective 
holomorphic map $ : D — > TV and a group homomorphism 0:5—)- by 



*(0 



il 



u 



z-\u l u 



(C = (z,U)eD), 



(2.4) 
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and 



4>{b{x,u,T)) 



Re*?7 



I u ReU X + ^lmU'U 



\ ( Ivo 

ImU T 



V 



/ 



<-v 



\ 



-Im^'T- 1 

trp-l 



respectively, we have by [7J P.601] 

0(6) • $(C) = <&(6 • C) 

for any b G B and ( £ D. 

3. EQUIVARIANT MAPS INTO THE SlEGEL UPPER HALF PLANES 



(2.5) 



For n = 1, . . . , N, let 7r n : IV — ► 2\ be the surjective holomorphic map given by 
7r n (Z) := Z™ [Z G T>n). Let us observe the equivariance of ir n under actions of solvable 
groups. We define p n : — > B n by 



T 

l T- 1 



I X 
/ 









trpln}- 1 



I X* 
/ 



Then p n is a group homomorphism, and we see from ( 12 .ip that 

vr n (/3 ■ Z) = p n (/3) ■ ir n {Z) 

for any Z G £V and f3 G -B^. Now we define $ n := 7r n o $ and 
and (13. II) . we obtain the following proposition. 

Proposition 3.1. One has 

<t> n {b) ■ $ n (C) = ® n (b ■ C) 

/or allb e B and ( <E D. 



(3.1) 

p n o 4>. From (12.51) 



(3.2) 



Using the group equivariance of $ n , we shall show that the map $ n is Lipschitz con- 
tinuous with respect to the Bergman distances on D and T> n . 

Proposition 3.2. There exists M n > such that 

P Vn (<S> n ((),<S> n (r))) < M n p D ((, V ) 

for any (, rj G D. 

Proof. Let ds\, n (resp. ds 2 D ) be the Bergman metric on T> n (resp. D). It suffices to prove 

d4„(<M0; J{* n ,C)X) < M n dsU(;X) (3.3) 

for all ( G D and X G C d , where d := dimD. 

Since Hermitian forms (ds 2 D ) P0 and (t&^cfsl, ) po on ^ d are positive definite and positive 
semi-definite respectively, we can take M n for which 

d)po- 

(3.4) 

Using homogeneity, we will prove (13. 3p holds for all ( G D and X G C d . Let us take b G B 
such that b ■ ( = po- Then, the right hand side of (13.31) is written as 

ds 2 Vn ($ n (b-p );J(<Z> n ,b-p )X). (3.5) 
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Substituting ( = p in (I3.2p . we have 

Furthermore, differentiating (13. 2p at C, = Po, we obtain 

J($ n ,b-p ) J(b,p Q ) = J(0n(&),$m(po)) J($n,Po)- 

Therefore, (13. 5p is equal to 
which is equal to 

d4 n ($„(po) ; j($n,p )J(b,p y l x) 

because c?s|, is invariant under the holomorphic automorphism 4> n (b). By (13 .4p . 

^4„ ($n(Po) ; .7($n,PD).7(&,Po)~ 1 *) < M n dsf, (po ; J&p^X) 

and the right hand side is equal to 

M n ds 2 D (b-p ;X) = M n ds 2 D {(;X), 

because b e £? is a biholomorphic map on .D. Therefore, (13.31) is verified, whence Propo- 
sition 13.21 follows. □ 

4. Minor functions 

Definition 4.1. We set fx\ := 1 and := V\ + v 2 + • • • + + 1 /or 2 < j < r. For 

Z E £l\> + iV (c Vc), we define Qj(Z) (j = 1, . . . , r) fry 

det 

Qj(Z) := detZ^-H' 
where we interpret det = 1. VFe a/so define Q-(Z) for s := (si, s r ) G M r 6?/ 

Q^(Z) :=g 1 (Z) Sl ---Q r (Zr. 

The functions Qj(Z) and Q-(Z) are denoted by Xj(Z) and Z s respectively in [5j. If D 
is a symmetric Siegel domain, then Q- coincides with the generalized power function As 
in [2 P.122]. 

Example 4.2. Lei V be the set o/4x4 symmetric matrices with real entries of the form 

(x\ %a \ 
xi X5 
0:4 X2 
^0 x 5 x 3 J 

In this case, v\ = 2, u 2 = ^3 = 1, V21 = {(^4 0) | x 4 G M}, V31 = {(0 x 5 ) | x$ G E} and 
V32 = {0}. T/ie cone fiy nothing but the Vinberg cone (]2] ; [12] j. Let W = {0} and 
F = 0. TTien i/ie iu&e domain V + ifiy ^e obtain 

Qi(X) = Xl , 

Va(A) = 2 = x 2 , 

„ detX x? 

Q 3 X = — f 2T = X 3- — • 

^1(^1^2-^4) £1 
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These functions are considered in [2] . 

Take any X G V. There exists a unique lower triangular matrix T G H such that 
T l T = X. Then we have 

detX H = det(T*T) H = (detT [m] ) 2 (4.1) 

for any 1 < m < v. Since T is a lower triangular matrix, we can easily calculate the right 
hand side of (14. ip . We have 

det = t u 2 »H 22 2 ^ ■ ■ ■ t k ^ k ^-H 2 kk) 

detX^" 1 ! = tn 2v H 22 2v *---t k - 1 ^ l 2v "-\ 
Therefore, we obtain Q k (X) = t kk 2 . Hence we have 

detxM = Q 1 (XrQ 2 (X) U2 ■ ■■Q k _ 1 (Xy^Q k (X). (4.2) 
Let det H be the polynomial function on V c defined by det H Z := det (Z G V c ). 
Lemma 4.3. Let 2 < k < r. Then, one has 

Q k = (det [tll] ) Cfcl (det [ ^ 2] ) Cfe2 ■ ■ • (det^*- 11 ) *-*- 1 det [Mfc] , (4.3) 
where c ki = -v k U i<p<k (l - v P ) for i = 1, . . . ,k - 1. 
Proof. For 1 < % < r, we obtain 

det [ ^ +l1 = Q^Qj+i 
det^ 1 Qi 

from (14. 2p . Therefore, we have 

det^ i+1 l 

ft+1 = ftI "^T' (4 ' 4) 



In particular, 



Q2 = Qi 1 '" 1 — r-r = (det^-^detH 
det [Ml1 



Thus, the formula holds for k = 2 with c 2 \ = —V\. Assume that the statement holds for 
I = j. Substituting (1431) to flOJ), we have 

det [ ^ ] JJ(det^ ] ) c ^ I (det^ 1 )- 1 

= det^'+ l] (det [ ^ ] )~^ JJ(det [tll] ) (1 ~^' )c ^. 

i<j 

Therefore, if we put 

cj+i,i = (1 - Vj)Cji = -Vj Yl (l-Vp) for i = 

i<p<j+l 

we have (14 .3p for k — j + 1. □ 
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Let d := (c?i, . . . ,d r ) and b := . . . ,b r ) be r-tuples of integers defined by 

:= 2 + ^dimVfcj + ^dimV^fc, 6 fe := dimWfc (A; = 1, . . . , r). 

i<k l>k 

Then the Bergman kernel of the homogeneous Siegel domain D is given by 
K D (C, CO = CQ-^ {^^- - F(U, to) 

for C := f"), C' := (Z', U') G D, where C is a constant depending only on the normal- 
ization of the Lebesgue measure on V (see [5} Proposition 5.1]). This formula together 
with Lemma 14.31 tells us the following. 

Lemma 4.4. Let Ckj (1 < j < k < r) be the integer defined as in Lemma \4-3\ and 
Cjj = 1 for 1 < j < r. Setting 

Sj ■= y^(2d fc + h)c k j (j = 1, . . . , r), 

k>j 

one has 

Kd(C, CO = C n {det [ ^ ] {^f- - F(U, C/O) } J . 

5. Bergman kernel of the minimal bounded homogeneous domains 

By the transformation formula of the Bergman kernel, we have the following general 
formula. 

Lemma 5.1. Let D\ and D 2 be complex domains and a a biholomorphic map from D\ 
onto D 2 . Then, one has 

^ D2 (a(Cl),«(C2))^ 2 («(C 3 ),«(C4)) ^D 1 (Cl,C 2 )^ 1 (C3,C4) 



ir D2 (a(Cl),«(C 4 ))^ 2 («(C3),«(C2)) ^ Dl (Cl,C4)^ 1 (C3,C 2 ) 

for Ci, C2, C3, C4 e D x . 



(5.1) 



Let U be a minimal bounded homogeneous domain with a center t. By [T3], U is 
biholomorphic to a homogeneous Siegel domain D C Vc x W. We set p := {H, 0) G -D 
and take a biholomorphic map a from D onto W such that cr{po) = t. From Lemma [5.11 
we have the following lemma, which is substantial in the present work. 

Lemma 5.2. For any (, G D, one has 

K D ((,(')K D (p ,p ) 



Vol{U)K u {a{(),<j{C)) 



K D {(,p )K D {p ,('y 



Proof. By Lemma l5.1[ we obtain 

K u {*{(), cr(CO) *) K D {(, CO ^d(Po,Po) 



^(a(C),t) ^(t,a(C)) K D {C P o)K D {po,C) 
By Proposition 12. 1^ we obtain 

K u (a(C),t) = K u (t,a(C')) = K u Qt,t) = — ^ 



(5.2) 



BERGMAN KERNEL OF MINIMAL BOUNDED HOMOGENEOUS DOMAIN 9 

Therefore, the left hand side of (15. 2p is equal to 

Vo\(U)K u (a(0,a(C)), 
and we complete the proof. □ 

For 1 < n < N, let 9 n be the composition map C n o $ n o a~ l from U into the Siegel 
disk U n . Using the maps 8 n , we can describe the Bergman kernel Ku as follows. 

Theorem 5.3. Putting rij = Vq + V\ + • • • + Vj-i + 1, one has 

1 r ~ 

KuM = vown{ det (^-^^M^)P 

j=i 



/or z, z' G where Sj are integers defined by Lemma \J^4 



Proof. Let ( = (Z,U) and (' = {Z',U') be elements o-~ l {z) G D and cr^O') G £> 
respectively. By Lemma I5.2[ we have 

K u (z,z') = K u (a(C),a(C)) 

1 K D ((,C)K D (p ,p ) 
Vol(U)K D {(, Po )K D {p ,(') 

1 Q-m+k) (^z^l _ F ( Ut u>)\ Q-m+k) (m^ie _ ir( 0j o) 

Vol (W) g-(2d+6) _ pfo o) j Q-(2rf+6) (%zZ _ p(0, U') 

i g- (2 ^ - f(u, to) 

(5.3) 



Vol (W) n~(2d+6) f g = j^/ N j n-(2rf+i>) ( ilv-Z 1 
By Lemma I4.4[ the right hand side of (15 .3p is equal to 

det^ ] (z=f-F(U,U' 



i (7 a n 



Vol (W) f = \ | d etK] det^l 
We see from (I2l| that 



det (£z_£! _ m det /*(0-*(O 



2i 



Moreover, it is not difficult to check that 



det L-J (?—^ - F(U, U')) = det ' ^o(0 ~ ®m + » (C) 



2i \ 2i 
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for 1 < m < v. Since rij = i/ + pj , we have 
det^ 1 U=*L-F(U,U') 



det K] (M^j det^ ] 



-1 / , , ; r\ / . . ; r\ -1 



det 



$n, (C) - *n ? (p ) \ / $n, (C) ~ <&n ? (CO \ / *n, (Po) ~ *n, (CO 



2i \ 2i \ 2i 



dct , ^(Q + ^y 1 ^ BJ (o- <MQ j ^^(co + ^y 1 ^ (54) 

By (12.31) . the last term of (j5.4p is equal to 

det (4.-^.(^.(0) C nj .($ n .(C'))) • 
Since 9 m = C m o $ m o cr -1 , we have 

1 r ~ ' 

Ku(z ' z ' ] = voTM II { det (X - ^ (*) M^ 7 )) P • 

The second equality in the statement follows from the above and the formula ([6]) 

K Un .{w,w') = ^L-^det (I n] - wW)- (n > +1) (w : w'eU nj ). 



□ 



6. Estimates of the Bergman kernel of minimal bounded homogeneous 

DOMAINS 

In this section, we prove Theorem |X] Let U be a minimal bounded homogeneous domain 
with a center t as in the previous section. For each a G W, we take <£> a an automorphism 
on W such that <£> a (a) = t. Since Ku(-,t) is a constant function, we have 

Ku{z,a) K u (z,a)K u {a,t) 
K u (a,a) K u (a,a)K u {z,t) 

K u { Va {z),t)K u {t,if a {t)) 



K U (t,t)K U (<Pa(z),<Pa(t)) 

K u (t,t) 



(6.1) 



where the second equality follows from Lemma I5.1L For p > 0, let B(t,p) denote the 
closed Bergman disk {z G U\(3u(z,t) < p}, which is a compact subset of U. For any 
z,a <EU with f3u(z,a) < p, we have (ip a (z),<p a (t)) G B(t,p) x U because (3u((p a (z),t) = 
Pu(<Pa(z), <fa{.a)) — Pu(z, a) < p- If U is a bounded symmetric domain, we know that 

(P) Ku(zi,z 2 ) extends to the compact set B(t,p) x Cl(ZY) as a continuous and 

non-zero function 
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(see |10[ Theorem 2.10]). Therefore, we obtain Theorem |A] from (16. ip . However, we don't 
know whether a nonsymmetric homogeneous domain has the property (P). Therefore, 
we take advantage of Theorem 15.31 which describes the Bergman kernel of the minimal 
homogeneous domain U in terms of the Bergman kernel of the Siegel disks I4 nj . Moreover, 
we have an estimate of the Bergman distance in Proposition 13.21 Using these results, we 
will prove our main theorem. 

Proof of Theorem [A} Take any z, a G U with 0u(z,a) < p. Then, there exist 
(,r] G D such that a(() = z and c(r]) = a. By Theorem 15.31 we have 



K u (z,a) 



K u (a,a) 



n 



(6.2) 



On the other hand, since {3d((, f]) = Pu( z , a ) < P? we obtain 

Pu nj (e nj (O,0 nj (v))<M njP (6.3) 

from Proposition 13.21 Since U n . is a bounded symmetric domain, there exists a positive 
constant Cj such that 

K u n Xw,w') 



< a 



K u nj (W, w') 

holds for any w,w' G U nj with /3u.(w,w') < M nj p. Therefore, if pu(z,a) < p, we have 



C7 1 < 



thanks to (I6.3p . In view of (I6.2p . we have 

K u (z,a 



< d 



c: 1 < 



K u (a, a) 



<C n 



with 



a, 



□ 



u- 



z,w 



As an application of Theorem El we obtain another important estimate of K\ 

Proposition 6.1. For any p > 0, there exists M p > such that M~ l < \K U [ 
for any z G B(t, p) and w EU. 

Proof. Similarly to ( 16. ip . we obtain 

K u {z,w)K u {t,t) 



K u (z,w) 




K u (t,t) 





K u {z,t)K u {t,w) 



Ku(Vw(t),(p w (t)) 



K u ((p w (z),(p w (t)) 



(6.4) 



Since ^u((p w (z), <f w (t)) = Pu{z, t) < p, there exists C p > such that the right hand side of 
(16 ,4p is less than or equal to C p by Theorem [A] Note that the constant C p is independent 
of z and w. Therefore, we obtain 

C: l K u {t,t) < \K u (z,w)\ < C p K u (t,t) 



12 



H. ISHI AND S. YAMAJI 



for any z E B(t, p) and w Ell. □ 
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